We determine for all simple simply connected reductive linear algebraic groups defined over a finite field all irreducible representations in their defining characteristic of degree below some bound. These also give the small degree projective representations in defining characteristic for the corresponding finite simple groups. For large rank Ð our bound is proportional to Ð ¿ and for rank ½½ much higher. The small rank cases are based on extensive computer calculations.
Introduction
In this note we give lists of projective representations of simple Chevalley groups in their defining characteristic. There are two types of results.
First we determine for groups of rank ½½ all such representations of degree smaller or equal some bound depending on the type (e.g., 100000 for type ). In particular this contains a complement to the tables of representations in non-defining characteristic up to degree 250 given in [7] . These data are produced using a collection of computer programs developed by the author.
Then we determine for groups of classical type of rank Ð all representations of degree at most Ð ¿ for type Ð , respectively Ð ¿ for the other types. For large Ð there is a small list and for small Ð this range is easily covered by our tables mentioned above.
This extends results by Kleidman and Liebeck [11, 5.4.11] .
We fix some notation for the whole paper. Let be a finite twisted or non-twisted simple Chevalley group in characteristic Ô.
There is an associated connected reductive simple algebraic group over Ô of simply connected type, a Frobenius endomorphism of , a Õ Ô with ¾ ¾ and an Ñ ¾ AE such that:
-is defined over Õ Ñ via Ñ .
-For the group of -fixed points ´Õµ with center we have ´Õµ . -´Õµ is the quotient of the universal covering group of by the Ô-part of its center.
So, asking for the projective representations of in characteristic Ô is the same as asking for the representations of ´Õµ in characteristic Ô. These can be constructed by restricting certain representations, called highest weight representations, of the algebraic group to ´Õµ. This is explained in Section 2. In Section 3 we shortly describe how our computer programs for computing weight multiplicities work. In Section 4 we describe our main results consisting of lists of small degree representations for groups of rank at most 11. The lists are printed in Appendix 6. Finally, in Section 5 we consider groups of larger rank.
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Representations in defining characteristic
There are several well readable introductions to this topic, for example Humphreys' survey [9] . A detailed reference is Jantzen's book [10] . We recall some of the basic facts.
For of simply connected type of rank Ð as in the introduction let Ì be a maximal torus of , Ð its character group and Ð its co-character group.
Let « ½ « Ð be a set of simple roots for this root system and « ¾ the coroot corresponding to « , This is a -basis of (because is simply connected).
There is a partial ordering on defined by The following result of Steinberg shows how all highest weight modules Ä´ µ of can be constructed out of those with Ô-restricted highest weights. Finally we need to recall the relation between the irreducible modules of the algebraic group and those of the finite group ´Õµ. This is nicely described by Steinberg in [16, 13.3, 11.6] . These results show that the dimensions of the irreducible representations of the groups ´Õµ over Ô are easy to obtain if we know the dimensions of the representations Ä´ µ of the algebraic groups for Ô-restricted weights .
Computation of weight multiplicities
In this section we sketch how we compute the degree of the representation Ä´ µ for given root datum of , highest weight and prime Ô. For almost all Ô it is the same as for the algebraic group over the complex numbers with same root datum, respectively its Lie algebra. In these cases the degree can be computed by a formula of Weyl, see [8, 24.3] .
In the other cases no formula is known. But in principle there is an algorithm to compute the degree. This is described in [8, Exercise 2 of 26.4] and goes back to Burgoyne [2] . This was also used in [6] to handle some cases in exceptional groups.
The idea is to construct a so-called Weyl module Î´ µ generically over the integers. By base change this leads to a module Î´ µ for any with the given root datum over any ring, which has as a highest weight. Over or over Ô for almost all Ô this is irreducible and so isomorphic to Ä´ µ. In general Ä´ µ is a quotient of Î´ µ.
To construct Î´ µ one considers the universal enveloping algebra Í of the complex Lie algebra corresponding to the given root datum. It contains a -lattice Í , the Kostant -form of Í, which is defined via a Chevalley basis of the Lie algebra. Up to equivalence there is a unique irreducible highest weight representation Î´ µ for Í with highest weight . Let ¼ Ú ¾ Î´ µ be a vector of weight (this is unique up to scalar). Then we set Î´ µ Í Ú Í Ú. There is a non-degenerate bilinear form´¡ ¡µ on Î´ µ which can be described via this generating system. Different weight spaces are orthogonal with respect to this form. Let be two coefficient vectors as above such that the corresponding linear combination of the positive roots is the same. Then Ú Ò Ú is again of weight and one defines´ Ú Úµ Ò ¾ .
Since the form is nondegenerate we can compute the rank of a weight lattice´Î µ by computing the rank of the matrix´Ò µ where and are running through all nonnegative linear combinations of positive roots for . The dimension of the weight space Ä of Ä´ µ is the rank of´Ò µ modulo Ô.
The coefficients Ò can be computed by simplifying the element with the help of the commutator relations in Í, see [8, 25.] . These involve the structure constants for a Chevalley basis of the corresponding Lie algebra which can be computed as described in [3, 4.2] .
In principle this allows the determination of Ñ´Ä´ µµ for all , Ô and . But in practice these computations can become very long, already in small examples. There are technical problems like the question how to apply commutator relations most efficiently in order to compute the integers Ò . Different strategies change the number of steps in the calculation considerably. But the main problem is that the generating sets for the weight spaces as described above are very redundant. Usually the number of non-negative linear combinations of positive roots which yield is much larger than the dimension of Î . By a careful choice of the ordering of the positive roots one can reduce the linear combinations to consider, because for many
is not a weight of Î´ µ (and hence Ú ¼).
But the main improvement we get by using results of Jantzen and Andersen, see [10, II.8.19 ]. The so-called Jantzen sum formula expresses the determinant of the Gram matrix of the bilinear form´¡ ¡µ on the lattice´Î µ in terms of weight multiplicities of various Î´ µ with . The weight multiplicities of these Î´ µ can be efficiently computed by Freudenthal's formula, see [8, 22.3] . In particular the formula gives exactly the set of primes Ô for which the Weyl module Î´ µ is not isomorphic to Ä´ µ. In rare cases it happens that a prime Ô divides such a determinant exactly oncethen we know without further calculations that Ñ´Ä µ Ñ´Î µ ½. Using these determinants we compute only parts of the matrices´Ò µ corresponding to a subset of its rows and columns until the submatrix has the full rank Ñ´Î µ and the product of its elementary divisors is equal to the known determinant. Then clearly the rank of´Ò µ modulo Ô is the same as the rank of this submatrix modulo Ô.
With this approach we never need submatrices of´Ò µ of much larger dimension than Ñ´Î µ. (In [6] the consideration of the matrices´Ò µ was substituted by computing somewhat smaller matrices using the action of parabolic subalgebras in cases where has a non-trivial stabilizer in Ï , but these matrices were still big compared to the dimension of the weight spaces.) Of course, our method is limited to representations where no single weight space has a dimension of more than a few thousand.
Actually we can also compute by our approach the Jantzen filtrations of the Weyl modules, see [10, II.8] , since we compute the elementary divisors of the matriceś Ò µ and not just their rank. To do this one also needs a sophisticated algorithm to compute the exact elementary divisors of Gram matrices of this size. We developed the algorithm described in see [12] for this purpose.
We have a collection of computer programs for doing the calculations described above, which are based on the computer algebra system GAP [14] and the package CHEVIE [5] . They are currently in a usable but still experimental state. It is planned to improve their efficiency, to extend their functionality and to put this into a package which will be made available to other users. We postpone a much more detailed version of this very sketchy section until this package is ready.
Representations of small degree for groups of small rank
From Theorem 2.2 we see how to construct any highest weight representation Ä´ µ of from those with Ô-restricted weights by twisting with field automorphisms and tensoring. Assume now we are given the type of an irreducible root system and a number Å ¾ AE. We consider the groups over Ô with this root system for all Ô at once. We want to find for all primes Ô all Ô-restricted dominant weights such that the highest weight representation Ä´ µ of the group over Ô has degree smaller or equal Å.
Our main tool to restrict this question to a finite number of to consider is the following result by Premet, see [13] . Recall from Section 2 that the set of weights of Ä´ µ is a union of Ï -orbits and that each Ï -orbit contains a unique representative which is dominant. 
¼.
Here is an algorithm for finding a set of candidate highest weights for representations of of rank at most a given bound. 
£
In Table 1 we fix some bound Å for each irreducible root system of rank at most ½½, respectively ½ in case Ð . For each irreducible root system with rank at most 11 we used the Å defined above as input for Algorithm 4.3. For each weight in the output set and for all primes Ô for which is Ô-restricted we computed the exact weight multiplicities of Ä´ µ using the techniques described in Section 3. Actually we stopped such a computation whenever we found that the final dimension will be larger than Å.
The bounds Å were chosen such that the results presented below could be computed interactively with our programs within about two days using 10 computers in parallel. The types Ð , ½¾ Ð ½ , were added upon request of Gunter Malle, who asked to cover in this note all representations of degree ¾ Ñ´ µ for a specific application. Here is our main result. Table 1 As mentioned above we have actually computed the exact weight multiplicities for the representations appearing in the tables of Section 6. It would take too much space to print this in detail but the results are available upon request from the author. 
Theorem 4.4 For any type of root system and number Å as given in

Representations of small degree for groups of large rank
In this section we consider classical groups of large rank. We prove the following result. The fundamental weights are labeled as explained in 6.1.
Note that the corresponding result for of rank Ð ½½ is included in Theorem 4.4.
Proof. We first prove that the weights which don't appear in our table correspond to representations of degree larger than Å. This finishes the proof.
£
It would be interesting if the degrees in our list could be determined more systematically in the framework of highest weight modules. Then one could work out systematically generalizations of Theorem 5.1 where the bound Å is substituted by any fixed polynomial in Ð.
Checking that the statement in Theorem 5.1 is also true for of type ½¾ and Å ¾ ¼, we get the following Corollary. This completes the list in [7] which gives all representations of ´Õµ in non-defining characteristic of degree at most ¾ ¼. 
Appendix: Tables for groups of rank at most 11
In this section we give the detailed lists for Theorem 4.4. We start by introducing some notation and describe the centers of the groups and the action of the fundamental weights on the center.
Ordering of fundamental weights
For the irreducible types of root systems we choose the following ordering for the simple roots « , the corresponding coroots « and the fundamental weights , ½ Ð. (We show the Dynkin diagrams with the node of « labeled by .) 
Action of fundamental weights on the center of
An example
As an example how to read the data in this Appendix, let us determine all irreducible representations in defining characteristic for groups of type ¿´Õ µ Spin ´Õµ, Õ Ô 
